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.1. This note contains a proof of the fact that every uniformly bounded group 
of elements in a finite W* -algebra [6] is similar to a unitary group. As an applica-
tion, we also get a generalization of a result of ARVESON and JOSEPHSON [2 , Theo-
rem 2.4]. 
The problem of similarity between a uniformly bounded group and a unitary 
one has been conjectured in [3] for linear operators on Hilbert spaces, where it is 
solved for amenable groups (i.e. groups having an invariant mean). As it is known, 
there are finite W* -algebras whose unitary groups do not have any invariant mean 
in the sense of [3]. We give in what follows an answer for any uniformly bounded 
group in a finite W*-algebra. 
The proof we are going to give is an application of RYLL-NARDZEWSKI 'S 
fixed point theorem [5] but some ideas go back to [7] (see also [4, XV. 6]). Notice 
that the Ryll-Nardzewski fixed point theorem has been already used in finite 
W* -algebras in order to give a simpler proof for the existence of a finite trace [8]. 
2. Let Jt be a W* -algebra and i? a uniformly bounded multiplicative group in 
Jt, i.e. such that 
where 0 is independent of 
Denote by i?co the closure in the c-topology (i.e. the weak topology induced in 
Jt by its predual Jt^ [6]) of the family 
It is obvious that is a convex set of positive elements in Jt. 
L e m m a . Let be a uniformly bounded group in the W*-algebra Ji and M>0 
a bound for it. Then for every we have 
(1) ||*|| si M 
(3) M~2 = M2. 
In particular, a is invertible in Jt for any 
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P r o o f . As % is a group it is easy to see that 
(10 M ~ 2 ^ x * x ^ M 2 ( x€S) . 
From this (3) follows immediately. 
3. From now on we suppose that Ji is a finite If*-algebra. 
T h e o r e m . Let $ be a uniformly bounded group in the finite W*-algebra Ji. 
Then there is a positive invertible element b^Ji, such that bxb"1 is unitary for any 
P r o o f . Let us define on Ji the mappings 
(4) Tx(a) = x*ax (a 6 J f ) , 
where x runs over the group '¡§. It is easy to see that is a group of operators 
on Ji and TX(§CO)(Z§CO, fo r every 
Let ax, a2 be two arbitrary elements of ax^a2. Since Ji is finite, there is a 
normal finite trace T on Ji [6] such that I ( ( A 1 — A 2 ) 2 ) > 0 . As T is a trace, we have for 
any 
^((^I-azf) ~ i;(x~1(a1 — a2)x*~1x*(a1 — a2)x) = t(yx*(a1 — a2)x), 
where y = x~1(a1 — a2)x*~1. By the previous Lemma we have || j>|| M i , where M > 0 
is a bound for 
From the Schwarz inequality we get 
(5) T((a 1 -a 2 ) 2 )^2M 4 | |T | | 1 / 2T((x*(a 1 - f l 2 )x)*x*(f l 1 -a 2 )x) 1 ' 2 . 
If we set 
|x|r = |r(x*x)|1/2 (xdJi), 
then by (5) we obtain 
(6) inf \Tx(a1 — a2)\r 0. 
Let us consider the locally convex topology of Ji given by the family of semi-
norms |x|^ = (<j!)(x*x))1/2, where cp runs over the set of all cr-continuous positive 
functionals on Ji. This is the ¿-topology of Ji and it is stronger than the cr-topology. 
Moreover, a linear function on Ji is cr-continuous if and only if it is ¿-continuous 
[6, Corollary 1.8.10]. By the preceding Lemma, is a-compact, i.e. it is compact 
in the weak topology of Ji corresponding to the ¿-topology. Then by (6), {T^xi«, 
is a non-contracting group of linear ¿-continuous operators on in the sense of 
RYLL-NARDZEWSKI [5]. By the Ryll-Nardzewski fixed point theorem [5], there, is 
at least one a£§ c o such that 
(7) x * a x = a 
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According to the previous Lemma, a is positive and invertible, therefore if ¿>=a1/2 
then b~x exists. Let us set 
(8) ux = bxb'1 
Then we may write on account of (7) 
u*xux = b-1x*bbxb~1 = 1. 
Analogously, from (7) we have xa~1x*=a~1; hence 
uxu* — bxb~1b~1x*'b = 1, 
consequently ux is unitary for any 
4. Let us recall some definitions from [1]. Suppose that Jt is a ^K*-algebra 
of operators acting on a separable Hilbert space. Let $ be a faithful normal posi-
tive linear mapping of Jt into itself, such that <£2 = 
A subalgebra Sf of Jt is said to be subdiagonal (with respect to <P) if it has the 
following properties: 
(i) ¡f+ 93* is ff-dense in Ji. 
(ii) 1>{ab) = <P(a)<P(b) (a,b££f). 
(iii) <P(Sf) a srr\sr*. 
(iv) The nullspace of ( ^ H ^ * ) 2 is trivial. 
It is known that every subdiagonal subalgebra y of Ji is contained in a maximal 
subdiagonal subalgebra of Ji [1, Theorem 2.2.1]. 
Suppose now that Ji is finite. 
A subdiagonal subalgebra £f of Jt (with respect to <P) is called finite if there 
is a faithful normal finite trace Q of Jt such that Q(<P(X)) = Q(;C) for every x(LJt. 
The next result is a generalization of Theorem 2.4 in [2]. 
C o r o l l a r y . Let $ be a uniformly bounded group in a finite W*-algebra Jt of 
operators acting on a separable Hilbert space. Let if be a finite maximal subdiagonal 
subalgebra in Jt. Then there is an invertible element a£Sf such that andaxa-1 
is unitary for each xd'S. 
P r o o f . According to the previous Theorem, there is a positive invertible 
element b£Jt, such that bxbis unitary for every On account of [1, Theorem 
4.2.1], b = ua, where u is unitary and ad£fC\£/'~x. Now, it is obvious that axais 
unitary when xOfS- • 
1 9 2 F . - H . Vas i lescu—L. Z s i d ó : U n i f o r m l y b o u n d e d g r o u p s 
References 
[1] W . B. ARVESON, Analy t ic i ty in o p e r a t o r a lgebras , Amer. J. Math., 89 (1967), 578—642. 
[2] W. B. ARVESON—K. B. JOSEPHSON, O p e r a t o r a lgebras a n d m e a s u r e preserving a u t o m o r p h i s m s . 
I I , J. Funct. Analysis, 4 (1969), 100—134. 
[3] J. DIXMIER, Les m o y e n n e s invar ian tes d a n s les semi -g roupes et Ieur appl ica t ions , Acta Sci. 
Math., 12 (1950), 213—227. 
[4] N . DUNFORD a n d J. SCHWARTZ, Linear operators, Pa r t 3, Wiley—Intersc ience ( N e w Y o r k — 
London-—Sydney—Toron to , 1971). 
[5] C z . RYLL-NARDZEWSKI, On fixed points of semigroups of endomorphisms of linear spaces, 
F i f t h Berkeley S y m p o s i u m o n M a t h e m a t i c a l Statist ics a n d Probabi l i ty . 2, Pa r t 1, Univers i ty 
of Ca l i fo rn ia Press (1967). 
(61 S. SAKAI, C*-algebras and W*-algebras, Spr inger -Ver lag (Ber l in -Heide lberg-New Y o r k , 1971). 
(7] B. SZ.-NAGY, O n u n i f o r m l y b o u n d e d l inear t r a n s f o r m a t i o n s in Hi lber t space, Acta Sci. Math., 
11 (1946), 152—157. 
18] F . J . YEADON, A new p roo f of the existence of a t race in a finite von N e u m a n n a lgebra , Bull. 
Amer. Math. Soc., 77 (1971), 257—260. 
I N S T I T U T E O F M A T H E M A T I C S 
A C A D E M Y O F S C I E N C E S 
B U C H A R E S T , R O M A N I A 
(Received December 19, 1972) 
